Stabilization of the 2D incompressible Euler 
system in an infinite strip 

Hayk Nersisyan 



CNRS UMR 8088, Departement de Mathematiques 
Universite de Cergy-Pontoise, Site de Saint-Martin 
2 avenue Adolphe Chauvin 
F95302 Cergy-Pontoise Cedex, France 
E-mail: Hayk.Nersisyan@u-cergy.fr 



Abstract. The paper is devoted to the study of a stabilization problem for the 
2D incompressible Euler system in an infinite strip with boundary controls. We show 
that for any stationary solution (c, 0) of the Euler system there is a control which 
is supported in a given bounded part of the boundary of the strip and stabilizes the 
system to (c, 0). 
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1 Introduction 

We consider the incompressible two-dimensional Euler system 

u+ (u,V)u + Vp = 0, divu = 0, (1.1) 

where u = (u\, 112) and p are unknown velocity field and pressure of the fluid, 
and 

(u, V)u = y~)ui(t,x)-^-v. 

2 — 1 

The space variable a; = (xi,^) belongs to the strip D defined by 

D := {(x u x 2 ) : xx G K, £2 G (-1,1)}. (1.2) 

Let us take two open intervals (a, b), (a + d, b + d) C R and denote 

T = (a, 6) x {1} U (a + rf, 6 + d) x {-1}. (1.3) 

The aim of this paper is the study of stabilization of (jl.ll) with boundary controls 
supported by Tg. System (jl.l[) is completed with the boundary and initial 
conditions 

u-n = 0onr\r , (1.4) 
u(x,0) = u (x), (1.5) 

where T := dD and n is the outward unit normal vector on T. In particular, 
p. 41) is equivalent to 1*2 = on T \ To. 

For any integer s > we denote by H S (D) the space of vector functions 
u = (ui, U2) whose components belong to the Sobolev space of order s and by 
|| • \\ s ,d the corresponding norm. If there is no confusion, we drop the index D. 
In the case s = 0, we write || • || := || • || . For any integer s > we define H S (D) 
as the space of distributions u in D with VuG H S ^ 1 (D). We equip H S (D) with 
the semi-norm 

IM|?i.(£0 : = ll Vu lls-l- 

We denote by H S (D) the quotient space H S (D)/R. The following theorem is 
our main result. 

Main result. Let s > 4 be an integer. Then for any constant c£ R and initial 
function uq G H s (D) that decays fast at infinity and satisfies the relations 

div wo = 0, uo ■ n = on T \ To 

there exists a solution (u,p) G C(R+, C(D) H H S {D)) x C(R+,H S (D)) of ifO]) . 
|J.^[ ) anrf i fj.5j) smc/i t/iat 

lim (||u(-,t) - (c,0)|| L oc. + ||Vu||._i + ||Vp||._i) = 0. 

t — too 
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For the exact statement see Theorem 13.11 In this formulation the control 
is not given explicitly, but we can assume that control acts on the system as a 
boundary condition on Tq. 

Before turning to the ideas of the proof, let us describe in a few words 
some previous results on the controllability of Euler and Navier-Stokes systems. 
Coron [7] introduced the return method to show exact boundary controllability 
of 2D incompressible Euler system in a bounded domain. Glass [12] generalized 
this result for 3D Euler system. Chapouly [BJ using return method proved the 
global null controllability of the Navier-Stokes system in rectangle. Recently, 
Glass and Rosier [13] proved the controllability of the motion of a rigid body, 
which is surrounded by an incompressible fluid. Controllability of Euler and 
Navier-Stokes systems with distributed controls is studied in [2j [TTJ [IBJ E] > see 
also the book [9] for further references. 

Notice that the above papers concern the problem of controllability of the 
fluid in a bounded domain. In this paper, we develop Coron's return method 
to get the controllability of velocity of 2D Euler system in an unbounded strip. 
This method consists in reducing the controllability of nonlinear system to the 
linear one. To this end, one constructs a particular solution (u,p) of Euler 
system and a sequence of balls {Bi} covering D, such that 

(P) Any ball Bi driven by the flow of u leaves D through Tq at some time. 

Then the linearized system around u is controllable. In our case, since the 
domain D is unbounded, the number of balls Bi is infinite, thus we cannot 
construct a bounded function u, whose flow moves all balls outside D in a finite 
time. However, we can find a particular solution u such that property (P) holds 
in infinite time. This proves the stabilization of linearized system in infinite 
time. 

To show that controllability of linearized system implies that of the nonlinear 
system, we need to prove that (P) also holds for any u sufficiently close to u. 
This is obvious in the case of bounded domain. In our case, to prove this, we need 
some additional properties for u. In particular, we need to construct a solution 
u, which decays at infinity faster than 1 jx\ . As our particular solution It is a 
combination of the Green functions of the Laplacian with Neumann boundary 
condition, we need to prove that Green functions decay at infinity. This property 
is a consequence of elliptic regularity and some explicit formulas for solutions 
of the Laplace equation in a strip. 

The paper is organized as follows. In Section [21 we give preliminaries on 
Poisson and Euler equations in an unbounded strip. The main results of the 
paper are presented in Section [3] In Section [4j we construct the particular 
solution u. In the Appendix, we prove an auxiliary result used in Section [2] 

Acknowledgments. The author would like to express deep gratitude to 
Armen Shirikyan for drawing his attention to this problem and for many fruit- 
ful suggestions and also to Nikolay Tzvetkov for useful remarks on the Euler 
system. 
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Notation. 

Let Jt ■= [0,T). The space of continuous functions u : Jt — > X is denoted 
by C(Jt, X). For any integer s > or s — oo, we denote 

C b s 0D) = {neC s (£>) : ||u|| L oc (2 ,) < oo}. 

We set ff°°(D) := n^ H s (D). Define 

5(D) := {u G L 2 (D) : jc^u^i, z 2 ) G i 2 (D) for any a G R+,/3 G Z^}. 

For a vector field u = (tti, 1*2) we set 

curlw = <9iti 2 — 9 2 ui. 

The interior of a set K is denoted by int(K). Let B{xq, r) be the closed ball in 
R 2 of radius r centred at x - We denote by C a universal constant whose value 
may change from line to line. 

2 Preliminaries 

In this section, we present some auxiliary results on Poisson and Euler equations 
in an unbounded strip. The methods used in their proofs are well known and 
in many cases we confine ourselves to a brief description of the main ideas. 

2.1 Poisson equations in an unbounded strip 

First, let us describe the spaces H S (D). 
Proposition 2.1. For any integer s > 1 we have 
(i) The space H S (D) is complete, 
(ii) %'{D) HUD) : Vu G H^}. 

(in) If s > 3, then for any u G rl s {D) there is a constant C depending on u 
such that 

\u{x 1 ,x 2 )\ < C\x x \ +C 

holds for all x £ D. 

Proof. Let {u n } c H S {D) be a Cauchy sequence. Then there is v G H S ^ 1 (D) 
such that Vu n — >v in H S ~ 1 (D) as n— >oo, and for any (p G C§°(D) such that 
div (p = 0, we have 

0= lim (Vu n ,(p) L 2 = (v,<p) L 2. 

n— t- 00 

Hence, v = Vz, where z G H S (D). This proves that H S (D) is complete. Now let 
us prove assertion (ii). Clearly the space in the right-hand side is contained in 
H S (D). Let us take a function u G H S (D), a compact set K c D and let us show 
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that u £ H S (K). Take two functions \, xi & C-g°(D) and a compact set K\ C D 
with inb(K\) D K such that x = 1 in K\ and %i = 1 in K± := suppx- Then 
there exists reN such that \i u <= H~ r (D). This implies that u £ H~ r (Ki), 
hence 

A( X u) = 2VxVw + xAu + uA X £ i? min( " r;s ~ 2) (ifi). 

The elliptic regularity implies xu £ H niin ^- r+2 ' s '> (D), thus u £ jf min (- r + 2 '> s ) (K\). 
Repeating this argument for a compact set K 2 C K% with int(K 2 ) D if we can 
show that u £ fT"^ (K 2 ). Iterating this, we get u £ H S (K). This 
completes the proof of assertion (ii). 

It is easy to see that (ii) implies (Hi). Indeed, from (ii) we get 

u(xx,x 2 )= / d!u(y,x 2 )dy + u(0,x 2 ). 
Jo 

The Sobolev inequality yields (Hi). □ 

Now we summarize some facts about Poisson equation. Let us take a non- 
negative function 7 £ C X, (R) such that supp7 = [a, b] and 7 ^ in (a, b) and 
define 

D :={( Xl ,x 2 ) : Xl £R, x 2 £(-l-j(x 1 ~d),l + 1 (x 1 ))} (2.1) 



(see figure 1). 



□ -D 
E2 -D\D 



Figure 1 : Domain D 

Let us take D' — D or D' = D and consider the Dirichlet problem for the 
Poisson equation: 

Au = / in D', (2.2) 
u = on T', (2.3) 

where V = 3D 1 and / £ L 2 (D'). We say that u £ H^(D') is a solution of (j2~2|) . 

dZ3| if 

/ VuVtfdir = - / /0da; 

J_D' J D' 

for any 6* 6 Hq(D'). We have the following result for the well-posedness of this 
problem. 
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Proposition 2.2. For any integer s > and for any f € H S (D') problem 
\2. 3\) has a unique solution u 6 if s+2 (£>'). Moreover, 



NU+2 < cil/IU, (2.4) 

where C depends only on s. 

Proof. The existence of the solution u 6 Hq(D') is a consequence of the Riesz 
representation theorem. Clearly, we have 

l|v u || 2 <q|/||N|. (2.5) 

The Poincare inequality applied to u(xi,-) gives 

HI < c\\d 2U \\. 

Combining this with (|2.5|) . we obtain 

Ni<C||/||. (2.6) 

To show the regularity of the solution and estimate (I2.4[) . we need the following 
lemma. 

Lemma 2.3. For any integer s > 1 we have 

H s {D') = {zeL 2 (D') : curl zG H S -\D'), div z € H S ^ 1 (D'), z-n € H S -^ 2 (T')}, 

where n is the outward unit normal vector on T'. Moreover, any function z G 
H S (D') satisfies the inequality 

\\z\\s < C (\\z\\ + || curlz|| s _i + j| divz|| s _i + \\z ■ n\\ 8 _ 1/2 ) , 

where C depends only on s. 

The proof of this lemma is given in the Appendix. Let us denote z — V^u := 
((?2W, — d\u). Then curlz = —Am = — /, divz = 0. Notice that (|2.3p implies 
that z-n = 0. It follows from Lemma |2~31 and inequality (|2.6[) that z G H S+1 (D') 
and ||z|| s+ i < C||/|| s . Thus, we obtain u G H S+2 {D') and □ 

Let us take g G H 1 {D') and consider the Neumann problem for the Poisson 
equation: 

Au = div.g in D' , (2.7) 
du 

— = g-n on T . 2.8 

We say that u G H l (D') is a solution of ([2J]), (EH) if for any 6» G iJ^D') we 
have 

' VuV6»dx = / gVddx. 
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Proposition 2.4. For any integer s > 1 and g G H S (D') problem {2. 7j) , V2. 8\) 
has a unique solution u G H S+1 (D'). Moreover, 

\\u\\ ks+1 <C\\g\\ s . (2.9) 

Proof. The Riesz representation theorem implies the existence of the solution 
u e H l (D'). Lemma O applied to z := Vu gives (123|) . □ 

Now we consider the problem 

AG a = d 1 5 a in D, (2.10) 

— ^ = on dD, (2.11) 
on 

where 5 a is the Dirac delta function concentrated at a = (01,02) G D. 

Proposition 2.5. Problem l2~W\) , l2~H\) has a solution G a G C°°(D \ {a}). 
Moreover, the following assertions hold: 

(i) For any open neighbourhood Q of a and for any integer s > 1, the solution 
G a is uniquely determined by the additional condition that it belongs to 
H S (D\Q). 

(ii) For any x G D \ {a} 

(2.12) 

where ip a G H°°(D). 

(Hi) Let a G D \ D, then G a G H°°(D) and for any integers 1 < i, j < 2 we 
have 

d i djG a (x 1 ,x 2 )eS(D). (2.13) 

(iv) For any fixed x G D the function G a {x) is analytic in a G D \ {x}. 

Proof. The existence of a solution G a G C°°(D \ {a}) will be established when 
proving assertion (ii). To prove the uniqueness of the solution, we assume that 
there are two solutions G\ :a and G2, a - For G = G\. a — G 2 .a we have 

AG = in D, 
BG 

— = on dD, 
on 

Let x G C$°(D) with x = 1 in Q. Then 

A(xG) = h, 
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where h € Cp°(D). The elliptic regularity for a bounded domain implies that 
X G € H°°{b). Since G € i? s (£> \ Q), we get G € H S {D). It follows from 
Proposition O that G = 0. 

To prove (zi), we seek the solution in the form 

G a = d 1 (F aX )+u a , (2.14) 

where F a (x) = — ^ In \x — a\ is the fundamental solution of the Laplace operator 
in K 2 , x € Gq°(D), x is 1 in a neighborhood of a. Then u a must be the solution 
of the problem 

Au a = -d 1 (2VF a -V X + F a A X ):=d 1 f in D, 

5^ = on dD. 
on 

Since / € Cq°(D), applying Proposition 12.41 for g = (/, 0), we conclude that 
this problem has a solution u a £ H°°(D). Property (|2.12[) follows from the 
construction of G a ■ 

Now let us show (|2.13[) . We have that G a satisfies the following problem 
in D: 

AG a = in D, (2.15) 
dG a 



dn 



= ip on T, (2.16) 



where ip <E C°°(r) and suppy C To- To show that the second derivatives of 
the solution belong to S(D), let us apply the Fourier transform in x\ to (|2.15[) . 
(|2T6)) . We obtain 



■^G a - eG a = in D, 

2 

dGg 
dX2 
dGg 

dxo 



(e,-i) = ^i(0, 

(£,1) = 2 (O, 



where G Q , (£i and 02 are Fourier transforms of G a , ip(-, —1) and <^(-, 1), respec- 
tively. The solution of this ODE is given by 

n (t \ 92-01 , te s . 02 + 01 . , / e x 
Gq( ^' * 2) = 2^mh(£) C ° Sh( ^ 2) + 2^«h(0 ( ^ 2) - 

Since t/?i and if2 are compactly supported, we have 

TtfidjGa) e S(D), 1 < i, j < 2, 
whence it follows that didjG a € S(D). This completes the proof of (m). 
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Let fi be any domain such that fi C D and fin (D\ D) 7^ 0. Then for any 
fixed x £ fi the function G a (x) is analytic in a € fi\ {x}. Indeed, let \ m (|2. 141) 
be 1 in fi. Then the analyticity of G a {x) is consequence of the facts that F a is 
analytic in a and u a is a linear operator in F a . Since G a is the unique solution 
of PTTP]> . ([2TT) . we have the analyticity of G (a;) in D \ {x}. □ 

2.2 Euler equations in an unbounded strip 

We consider the incompressible Euler system: 

u + (u, V)u + Vp = 0, divu = in D, (2.17) 
u-n = onT, (2.18) 
u(x,0) =u (x), (2.19) 

It is well known that if D is a bounded domain or if D — R 2 , then problem 
(|2.17l) - (|2.19[) is well posed in various function spaces (e.g., see [HI fT5l fTO] h 

In this subsection, we study the well-posedness of Euler system in D defined 
by (HID. 

Definition 2.6. For any integer s > 3 we say that (u,p) is a solution of Euler 
system if(u,p) £ C{J T ,H S (D)) x C(J T , H S+1 {D)) and pU7p is satisfied in the 
sense of distributions. 

Let us show that the Euler system is equivalent to the problem 

w + (u,V)w = 0, w(x,0) = cuv\u a (x), (2.20) 
c\it\u = w, divu = 0, u-n|r = 0. (2-21) 

Clearly, if (u,p) is a solution of the Euler system, then (|2.20p . (|2.21[) hold. Now 
let us show that to any solution 

(«, w) £ C{J T , H s {D)) n C l {J T , H s - l {D)) x C(J T , H s ~ l (D)) 

of (I2.20p . (|2.2ip there corresponds a unique solution (u,p) £ C(Jt,H s (D)) x 
C(J t ,H s+1 (D)) of ([2Tf ) - ([2T9 ]l . From (j^O]) and (|23T|) it follows that 

curl(ii + (u, V)w) = 0. 

Hence, there exists p £ C(Jt, H s {D)) such that —Vp = it, + (u, V)u. It is easy 
to see that 

2 

— divVp = div((u, V)u) = diUjdjUi £ if* -1 , curlVp = 0, 

« 2 
— — = ((u, V)u) • n = (u, V)(u • n) — UjUidjfii 

2 

= - UjUidjfii £ H s ~ 1/2 , 
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where h is a regular extension of n. Thus, it follows from Lemma 12.31 that 
Vp G C(J T ,H S {D)), whence we conclude that p £ C(J T , H S+1 {D)) . 

We have the following result on the local well-posedness of Euler system. 
The ideas used in the proof of existence of a solution play an important role 
in the study of stabilization problem (see Section [3]). Therefore we present a 
rather complete proof, even though we do not really need this result. 

Theorem 2.7. Let s > 4. For any uq G H S (D) satisfying the conditions 

div uq = 0, 

Mo • n = on r, 

there is T* = T*(||ito|| s ) such that system ^2.17\ )- [2.19\) has a unique solution 
(«,p) G C(J T ,,H S (D)) x C(J T ,,H S+1 (D)). 

Proof. Uniqueness. To prove the uniqueness, we argue as in the case of 
bounded domain. We assume that there are two solutions ui and U2- Then 
for v — ui — it 2 j w e have 

ii + {u 1 ,V)v + {v,V)u 2 + Vp = 0, (2.22) 
div v = 0, v ■ n|r = 0, v(x, 0) = 0. 

Multiplying (|2.22l) by v and integrating over D, we get 

dt\\v{-,t)\\ 2 < - [ (wi,V)u-wdx + C|K-,f)|| 2 - / Vp-udx, (2.23) 
Jd Jd 

where C > is a constant depending only on it 2 . Since Ui ■ n = 0, the first term 
on the right-hand side of (|2.23[) is zero. Let us show that the last term is also 
zero. Let us denote 

:={xeD : \xi\ < R}, 

and let X € C°°(D) such that 

xO) = 

Clearly, we have 

lim / x{~t,Y^p{ x ) ' v(x)dx = / Vp(x) ■ v(x)dx. 

On the other hand, integrating by parts, we obtain 

fx f x p(x^\ 

x( — )Vp(x) ■ v(x)dx = — / Vx( — ) ■ v (x)dx. 



0, ifx£fi (2) , 

1, if x € f2(i). 



id R ' Jn (2R) \n iR) R R 
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Since p € H s+1 , from assertion (Hi) of Proposition I2TT1 we have 

sup m<c 

where C does not depend on R. Thus, dominated convergence theorem yields 

Vp(x) • v(x)dx = 0. 

Applying the Gronwall inequality to (I2.23[) , we obtain v = 0. 

Existence. To prove the existence of the solution, we shall need the follow- 
ing result. 

Lemma 2.8. LetuG C(R+,H S ), w-n| rx R + = 0, / G C(R + ,H S ) andw E H s . 
s > 3. Then the problem 

d t w+(u,V)w = f, (2.24) 
w(x,0) =w , (2.25) 

has a unique solution w € C(R+,£P), which satisfies the inequality 

\\w(-,t)\\ s < \\wo\U + f (\\f(;r)\\ s + C||u;(.,r)||.||Vu(. ) r)||._i)dr. (2.26) 



Proof. Let us denote by <fi 9 : D x K + — >D the flow associated to g, i.e., the 
solution of the problem 

<j) 9 (x,0) = x. 

Since (12.241) , (|2.25[) is an inhomogeneous transport equation, its solution is given 

by 

w(r(x,t),t)=w (x)+ f /(0 a (x,r),r)dr. 
Jo 

Let us derive formally inequality (|2.26[) . Taking the d a := -§^, \ot\ < s deriva- 
tive of (|2.24[) and multiplying the resulting equation by d a w, we get 

~\\d a w\\ 2 = [ d a fd a wdx- [ d a (u-V)wd a wdx 
2 dt J D J D 



< 



(u ■ V)d a w ■ d a wdx 



D 



+ ll/yifl||. + c , ||Vfi|L_iiMI 



Integrating by parts, one verifies that the first integral in the right-hand side 
vanishes. Integrating in time, we obtain (|2.26[) . □ 
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Lemma 2.9. Let w 6 H s , s > 0. TTien i/ie problem 

cm\z = w, (2.27) 
divz^O, (2.28) 
z-n| r = (2.29) 

/ias a unique solution z € H s+1 . Moreover, there is C > depending only on s 
such that 

\\z\\ s+1 <C\\w\\ s . (2.30) 

Proof. Let us consider the following Dirichlet problem for the Poisson equation: 

Aw = in D, 

v = on T. 

By Proposition O v E H s+2 and \\v\\ s+2 < C\\w\\ s . Then for z = -V"4> 

properties (|2.27l) - (|2.30p are satisfied. □ 

We now return to the proof of the theorem. The proof is based on some 
ideas from [3] and [5]. 

Step 1. Let 

E : H k (D)^H k (R 2 ), 0<fc<s+l 
be an extension operator. Let p s 6>(R 2 ) be the function such that 

\o iei > i. 

Define J m : H S (D)^H S+1 {D) by 

J m (u) := (m 2 p(mx) * E(v))\ D . (2.31) 
For m € H S (D) we define u™ := J m (u ). Then 

<->«o in # s (£>), ||tCIU < C|l«olU> K"IUi < mC||«o||„ (2.32) 
ll u o" - "oils = o(l) and llun™ - u^lli = o( — — r ) as m->oo, (2.33) 

where (|2.33|) holds uniformly in fc > m. Using Lemmas 12.81 and 12. 9[ we define 
the sequences u m € C(R+, £P +1 ) and w' m € C(K+,iP) by 

M° = u , 

d t w m+1 + (u m ,V)w m+1 = 0, w m+1 (0) = curl< +1 , 
curlu m+1 = w m+1 , divu m+1 =0, M m+1 -n| r = 0. 
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Our strategy is to show that sequence u m is convergent and the limit is the 
solution of Euler system. From (|2.26[) we derive 

||«> fn (-,t)|| i <||curluS l || i + Ci [ \\w m (;T)\\ i \\u m - 1 (;r)\\ i dr (2.34) 

Jo 

for i = s — 1, s. 

Step 2. In this step, we show that there exists a time T* = T*(||ito|| s ) such 
that for any t € Jt, 

||^ m (-,*)|| s -i < CIKIU, ||^ m (-,t)|| s < < mC||«o||.. (2.35) 
By induction, let us prove for i = s — 1, s the inequality 

||w m MHi <»m(*), (2.36) 
where C does not depend on to and y m (t) is the solution of 

y m = C iy f n , y m (0) = || curlu m || 4 . (2.37) 

Clearly (|2.36p holds for to = for a sufficiently large C. Assume that it holds 
also for m — 1 and let us prove it for m. From the construction of p we have 
||"™ _1 ||i < H^lli, hence y m - X < y m . Thus, from (|2T34|) . ([2~37]) and induction 
hypothesis, we have 

\\w m {;t)\\ i -y m <C x Alk ro (- J r)|| i ||u' n - 1 (. J r)|| i -i^)dT 
Jo 

<C X [ y ro (||tt m (-,T)||,-i/ m )dT. 
Jo 

Inequality (|2.36l) follows from the Gronwall inequality. It is easy to see that 
(j2~511 yields P35j) . 

Step 3. Now let us show that w m converges in C( Jt, , -ff s_1 ). In view of 
Lemma \2M sequence u m converges in C(Jt, , H s ) and the limit u is the solution 
of Euler problem. 

Notice that for m < k we have 

fie (w m - w fc ) + (t/" 1 , V) (w m - w fc ) = (u* -1 - u™" 1 , V)w m . (2.38) 
Denote K m - k (t) := ||w m (-, i) - w fc (', *)IU-i- Lemma EU implies 

K m > k (t) < |K - ug||, + C / (^(rJHu*-^.^)!!.-! 

Jo 

+ ||u" l - 1 (-,r)- U fe - 1 (-,r)|| s _ 1 ||t ( ; m (-,T)|| s )dT. (2.39) 

On the other hand, 

1 s-2 

II Tn\\ ^ ft || m — 1 fc— In II in—I fe— 111 s — l || m—1 k — l\\ s-l 

|| w ||s < Cm, \\u —u || s _i < \\u -u || x ||u -u || s . 

(2.40) 
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Assume for a moment that 



U m ' k := Ww" 1 " 1 - w k ^\\ < o(— !-A (2.41) 



Substituting (f2~40]) into (f2~39]) and using (|2.33[) and (|2.41j) . we obtain 
K m > k (t) <o(l)+C [ (!T n ' fc (T)||«*- 1 (-,r)|| i _i)dT. 



Using the Gronwall inequality, we obtain the convergence of u> m in C(Jt„ , H s 1 (D)). 

Step 4. To complete the proof of the theorem, it remains to show (|2.41[) . 
Taking the scalar product of (|2.38[) with w m — w k in L 2 , we get 

ft 



u m ' k (t) < c\\u£ - vZW! + c / u m - hk -\t 1 )dt 1 . 

Jo 

Iterating this inequality, one deduces 

U m +P> k +P(t) <C\\u™ +p - +C [ J7 m+p - 1 ' fe+p - 1 (i 1 )dt 1 

Jo 

<C\\u" l+p - u^h + C f {ClK+v- 1 - 
Jo 

+ C U m+p - 2 ' k+p - 2 (t 2 ))dt 2 dt 1 



<C\\u" l+p - u k +p \U + C / (CH^- 1 - u k+p -% 



+ --- + C (C\\u% +1 -u k + % + C f* U m > k (t p )))dt p ---dt 2 dt 1 

Jo Jo 

Hence, for any t € Jt, we obtain 

jjrn+p.k+p < y^_ £. u n, +J _k +j ,, O _t*_ ^ 

(P-J)l p! te[o,r.] 

(2.42) 

Since 

— 7T~ <00 ' 
i=i J ' 

inequalities (|2~33"1) and (pT42"|) imply (f2~4"T|) . 



□ 



Remark 2.10. We have the following assertions: 



Adapting the Beale-Kato-Majda criterion (see [4]) for an unbounded 
strip, one can prove that the solution of (|2.17p - (|2.19p is global in time. 
However, we shall not need this result. 
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• Let us take any non-zero function g 6 iJ s-1 ' 2 (r). If the homogeneous 
boundary condition (|2.18l) is replaced by u • n\r = g, then, to our knowl- 
edge, neither existence nor uniqueness of a solution is known to hold (even 
in the case of bounded domain) . 



3 Main result 

Let D and Tq be defined by (|1.2[) and p. 31) . Consider the Euler system: 

u + (u, V)u + Vp = in Dx(0,oo), (3.1) 
divu = 0, (3.2) 
u-n = on r\r xM+, (3.3) 
u(x,0) =u (x). (3.4) 

For any integer s we denote 

X S (D) = C(R+,C b (D)nH s (D)), 
and (xi) := (1 + x\) x l 2 . The following theorem is our main result. 

Theorem 3.1. For any constants a,/3>0, c € R and integer s > 4, /or any 
initial data uq £ H S (D) such that 

div uo = 0, (3-5) 
uo • n — on T\ To, (3-6) 
|| exp(a(xi) 2+/3 ) curlu (xi,x 2 )|| s _i < oo (3.7) 

there is a solution (u,p) € A" S (D) x C(R+,H S {D)) of (3J^>-(3^ with 

lim (\\u(-,t) - (c,0)|U=o (1?) + ||V«(-,t)|| a _i + ||Vp(-,t)|| s _x) - 0. (3.8) 

As explained in Introduction, in this formulation the control is not given 
explicitly, but we can assume that control acts on the system as a boundary 
condition on To. So we show that there exists control r/ such that there is a 
solution of our system with u ■ n\r — i] verifying (13.81) . As we mentioned in 
Remark l2.10[ we are not able to show that this solution is unique. 

Using a standard scaling argument for Euler system, we can reduce this 
theorem to a small neighborhood of the origin. 

Theorem 3.2. There exists e > such that for any uq E H s (D) and c £ R 
verifying l3.5\) -j3.7[) and 

\\u \\ s < e, |c| < e 

there is a solution (u,p) € X s (D)xC{R+, H S {D)) o/fS2p-{|3p satisfying i TO)) . 
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Proof of Theorem \S.1[ Let e > be the constant in Theorem 13.21 Take any 
u E H S (D) and ceM verifying (|33)) - ([3~7)) . Let M > be such that 



u 


< e, 


C 






M 


s 


M 



< e. 



By Theorem 13. 2\ there exists a solution (um,Pm) of (|3.1j) - (|3.3j) with initial 
condition «m(0) = jj 7 such that 

lim (\\u M {-,t) - (-^,0)\\l™(d) + ||VH M (-,i)|| s -i + \\Vp M (-,t)\\s-i) = 0. 

Then (u,p) — (Mum(x, Mi), M 2 pm(x, Mi)) is a solution of our system with 
u(0) = uq and it satisfies p.8[) . □ 

Proof of Theorem \3/A The proof of this theorem is based on generalization of 
the Coron return method to the case of an unbounded strip. It consists in 
construction of a particular solution (u,p) of (I3.ip ~ p.3p such that the solution 
of linearized system around (u, p) verifies property (13.81) . Then, in the small 
neighborhood of u, we construct a solution u of Euler system satisfying (|3.8p . 

Step 1. In this step, we construct a particular solution (u,p) of p.ip ~ p.3p 
such that any point of strip D, driven by the flow of u, leaves D at some time. 
Let D C M 2 be the strip 

D := {(x!,x 2 ) : x 1 E R,x 2 G (-2,2)}. 

Let us admit the proposition below, which is proved in Section 14.11 

Proposition 3.3. There are scalar functions 6 l € C 1 (DxR + ) withVO 1 e X S (D), 
open balls B l , a sequence Ti C M+, constants M, X and an integer N € N such 
that the following properties are true. 

1. Covering. For any integer k > 0, we have 



N 

[k,k + l] x [-1,1] c \jB 2kN+ J, (3.9) 
i=i 

N 

[-k - 1, -k] x [-1, 1] C (J B { - 2k+1)N+j . (3.10) 
i=i 

In particular, the union of balls B l covers D and any square [k, k + 1] x 
[—1,1] is covered by N balls. 

2. Support. 

supp0* C D x (0,Ti). (3.11) 
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3. Vector field. The time dependent vector field V# l is divergence-free in D 
and tangent to V \ Tq and dD: 

A9 l =0 in DxjO.Tj], (3.12) 
— = on {T\T )UdDx [0,7*]. (3.13) 

4- Time decay. For any i > 1 we have 

HWMIU^ < \ for any t G [0,7*], (3.14) 
n < Mi. (3.15) 

5. Flow. For any i > 1 and c G K with \c\ < A the flow associated with 
V9 l + (c, 0) is such that 

ct) Ve ' +{c ^(B\T l ) C D\D. (3.16) 

Moreover, there are two closed balls B\ , B 2 C D \ D such that 

U"ir i+(c,0) ( B Vi) C BiUB 2 . (3.17) 

Let us set t = 0, 

U = 2Y, Tj , t i+1/2 = U + 2 tt+1 , i>l. (3.18) 

We define 6* in the following way: 

9{x,t) =6» l (x,t-i t _i) for te [ti-i,ti_ 1/2 

6(x,t) = -0 l (x,U - t) for t G [ti_i/2, til- 
Notice that from the construction of ti we have ti — ti_i/ 2 
shows that 6eC 1 (DxR+) and G X s (D). We define 

u : = V0 + (c,O), 

P : = -fit* - - c&0. 

Then (u,|>) is a solution of (|3 . 1 [) - (|3 . 3[) . Indeed, by construction, (u,p) satisfies 
(|3~T|) . Properties ([3~T2]) and (|3"T3"|l imply ([321) and (pT3]l . respectively. Moreover, 
it follows from (|3.14j) . (|3.16p that for any i G N, we have 

<jF{B\t^ 1/2 ) t D, 

Km (||«(.,t) - (c,0)|| L =o (iJ) + ||Vu(-,t)|| fl _i) = 0. (3.21) 



(3.19) 
(3.20) 

U. Thus (j3~TT]) 
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We deduce from (|3~T§1) and (|3"2U|) that 

(f(x,ti) =x (3.22) 

for any i > 1 and x £ D. We shall need the following result, which is proved in 
Section O 

Proposition 3.4. There is a constant v > such that the functions 9 l in 
Proposition \3.!ft can be chosen in a way that, for any u € X s (D) satisfying the 
inequality 

poo 

Ht)-u(t)\\ s ^dt<u, 



we have 4> U {B\ t i _ l / 2 ) C D\D for any i > 1. 

From now on, we assume that functions 9 l verify this proposition. 

Step 2. In this step, we construct an application F Uo such that its fixed 
point is a solution of our stabilization problem. First, for any constant v > 
let us introduce the set 



y„(u ) := {u e X S (D) : divw = 0, / \\u(t) - u(t)\\ 8 , D dt < v, 

Jo 

u(x, t) ■ n(x) — (uo(x)fj,(t) + u(x, t)) ■ n(x) on T x 
where ji £ Cq°([0,oo)) is a non- negative function such that 



POO 

fj,(0) = 1, / fj,(t)dt < 1. 
Jo 



Let Di := Kx (— |, |) and it : H S (D) H S (D) be any linear bounded extension 

operator such that supp7ra C D\ for any u £ H S (D). Let k 4 £ Cq°(D) be a 
partition of unity subordinate to B\ i.e., 

suppK 1 C B l , 

oo 

K l = 1 in D. 

i=i 

Take any u £ y u (uo) and let w l £ C(R+, H S ^ 1 (D)) be the solution of the linear 
problem 

w l + (u,W)w l = -(div u)w l in D x E +J (3.23) 

w l (0) = «; ! curl(7ruo), (3.24) 

where 

u = u + ir(u — u). (3.25) 
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Take v such that Proposition 13.41 holds. Since suppu/(0) C Bi, we obtain 

w l (x,ti_x/ 2 ) = for any x £ D. (3.26) 
For any t £ M+ we define the function 

oo 

w(-,t) = ^2 w l (-,t), when t £ [t^ 1/2 ,t l+1/2 }, (3.27) 

l=i+l 

where t_\i 2 '■= and i > 0. Let us show that for any t £ [^-1/2,^+1/2] t ne 
sum in the right-hand side of (|3.27|) exists and belongs to C(K+, H S ~ 1 (D)). 
Applying Lemma l2~8l to (|3~23|) . (|3~24l) . we obtain 



lk(*)IUi < C(||k' curlCTmo)!!,.! b + / II Vii(^) d ||u>'(T)ll._i £>dr). 

Jo 

It follows from the Gronwall inequality and relation ()3.25j) that 

\\w l (t) \\ s _ l f) < C\\k 1 curl (vruo) cxp (<7^ ||Vfi (r) || s _ 1>6 dr) 

< C||^curl(7ru ) || s _i^exp ((7^ (||Vn(r) || s _^ + ||u(r) -u(t) \\ s ^) dr^j 

Using the fact that u £ X s (D), we get 

\\w l {t)\\ s _ l f) < C\\k 1 curl(7nt )|| s _ 1)£( exp(C(* i+ i /2 + v)) 
for any t £ [^-1/2,^+1/2]- Thus 

OO OO 

£||ti;'(t)||._ liA <Ce^(C^ +1/2 )£||«Wl(7riio)||._ liii . (3.28) 

Using (|3.7[) and assertion 1 of Proposition 13.31 we derive that the right-hand 
side of (|3.28p is finite. Hence, w £ C([i i _ 1 / 2 , t i+1 / 2 ], if s_1 (.D)) for any i > 0. 
Moreover, assertion (13.26)) yields that u> is continuous at i i _ 1 / 2 , thus iu £ 
C(R+, H S ~ 1 (D)) (we emphasize that, in general, this is not true for Z)). Fur- 
thermore, we have 

w + (u, V)w = -(divu)u; in D x [t i _ 1 / 2 ,t i+1 / 2 ], 

00 

u>(0) = k 1 curl7ruo in D. 
1=1 

In Step 3, we prove that for this w there exists a v £ y v (uo) such that 

curl?; = w. (3.29) 
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For any u G y v (uo), let F Uo (u) := v. In Step 4, we show that the mapping 
Fu ■ y^iuoj^y^iuo) has a fixed point. We shall prove that this fixed point is 
a solution of our stabilization problem. 

Step 3. In this step, we prove the existence of the solution v <G 3^(«o) of 
(1^2^)1 . By Lemma [231 there is a function z e C(R+,H S (D)) such that 

curl z = w, 
div z = 0, 
z ■ n = 0, 

\\z{;t)\\ SiD <C\\w(;t)\\ s - llD . (3.30) 

Let us take the solution of the following problem 

Aip = in D, 

= K^) -n on T. 

From Proposition^ .4! we have ip € C(K+, H S+1 (D)) and 

Denote u = z + V<yS + u. Let us show that v € ^(wo) and (|3.29|) is verified. 
Clearly 

curlv = curlz = it), 
div v = div z + A<y9 = 0, 
v ■ n = (uq (x)/j, + u) • n on r x R + . 

Hence, to show v £ y v (uo), it suffices to prove for sufficiently small u$ that 

\\v(t) - u(t)\\ s , D dt < v. (3.31) 
It follows from the construction of v that 

\\v(;t)-Ti(t)\\ s , D < \\<p(;t)\\H*+l(D) + 

Proposition 12.41 and p. 301) imply 

y* oo y* oo 

\\v(t)-u(t)\\ StD dt < \\uo\\,, D / n(t)M + C I ||«;(-,t)|| a _i,Ddt. 

Jo Jo 

From (|3.27|) we have 



°° fti + l/2 00 

>(>,t)\\-l,Ddt = Y, / II E wl ^ t )\\s-lD dt 

~qJU-1/2 l=l+1 
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Applying Lemma [2~^1 to YliZi+i wl > we obtain 

|| w ' ( x >*) L-i.-D - Cex P [ C / II Vfi (•, I") || a _i,£»dT-J || K l curlu \\ s _ 1D . 

l=i+l \ Jo J i = i+\ 

Thus 



/ \\w(-,t)\\ s - hD dt <CV / || V K Z curlu || s _ 1D > 
x exp y ||Vu(-,r) || s _ 1;D d-r^ dt 



00 /-ti+l/2 

< Ci V / exp (Ct i+1/2 ) || curlw || s _i my* B ,dt. 
T^Ju-1/2 



(k+1/2 - Vi/2)exp(Ci l+1/2 )|| curluo|| s _i ! £,\ u j =iBi < C 2 ^ 



4=0^-1/2 

Combining (|3.7p . (I3.15[) . (|3.18l) and assertion 1 of Proposition 13.31 we get 

1 

~ 2 

for any i > 0, where C2 does not depend on z. Let if be a constant such that 

00 1 

Taking uo sufficiently small such that 

K rh+1/2 00 /ft \ 

||mq|U,j / X] curl u oh-i,D exp / ||Vu(-,r) || s _i,£)dr I dt 

l=1 Ju-l/2 l=i+1 \Jo J 

V 

we get (J3T3TJ). 

Step 4. In this step, we show that the mapping F Ug : y v {uo)—^y v {uo) admits 
a fixed point, which is the solution of our stabilization problem. Let us take a 
sequence u™ := J m (uo), where J m is the operator defined by (I2.31[) . We have 
that e H S+1 {D) verifies (1232")) . ([235]) . Take u°(x,t) = fJ,(t)uo(x) +u(x,t). 
For sufficiently small uo we have u° € y v (uo). Let u 1 = F u i(u°) and let wi be 
defined as in (I3.27P with u = u° and uq(x) — Uq(x). In this way we introduce 
the sequences u m G X s and w m £ C(M.+ ,H S (D)) by the relations 



F-. + i(u" l ) J 



"'1 



t +i defined as in ()3.27[) with u = u m and uq = Uq 



m+l 



Let us show the convergence of iu m in C([0, f 1/2], # s H-^))- This will be proved 
by using the same arguments as in the proof of Theorem 12.71 It is easy to see 

d t (w m - w k ) + (u k ~ 1 , V) (w m - w k ) = {u k - x - u m - 1 ,W)w m 

- (divu fe_1 ) (w m - Wk) - (divu m_1 - divu fe_1 ) w m . 
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Setting K m - k (t) :— ||iu m (-, t) — Wk(-, £> and using Lemmas I2~51 and l2. 91 we 

obtain 

K m ' k (t) < \\u'» -u k \\ s + c [ (jr">*(T) || va*- 1 (-, -r) || «_! 

Jo 

+ ||^- 1 (-,r)-u fe - 1 (.,r)|| s _ 1 || Wm (.,r)|| s +X m - 1 ' fc - 1 (r)|| Wm (.,r)|| s _ 1 )dr. 

(3.32) 

Let us show that for any to € N 

sup IKnM)|| s _ 1Z5 <qK l IU, (3.33) 

te[o,t 1/2 ] 

where C depends only on ||u(i)|| L1 ^ ti n h s (d)) an d does not depend on m. 
From the construction of w m , we have 

w m + (jt m_1 ,V)io m = -(div^^V™ in DxR + , 



w m (0) = YJ «' curl7niQ n in D. 
1=1 

Applying Lemma I2T5I we get 

IK (i) ||,_ liA < C (jKIU + f IWU^II W^IU^dt) 

< C (|KIU + J* \\w m \\ s _ hf3 (||V«||,_ lii6 + l^-^IU) dt 
Using the Gronwall inequality and the fact that u m ~i € 3^(w™), we derive 



l|wm(*)|| a _i ,£> < C(\\u \\ s exp( / (||Vm|| s _ 1 b + ||u - u m ~i\\ s £,)&) < C u 

Jo 

where C\ does not depend on m. Thus, we obtain (|3. 331) . The construction of 
u m implies boundedne 
way we can show that 



u m implies boundedness of supi g [ ti/2 ] ||u m || s b uniformly in to. In the same 



Sup \\w m (-,t)\\ s £) < C|K n |ls+l,D- 

te[o,i 1/2 ] 

Combining this with (|2.32[) and (|2.33l) . we get 

||fi ro -H^r)-u fc -H^r)||,_ 1 ||«; m (^T)||,<||fi TO -H^r)-u fc - 1 (-,r)||V»x 

x ||fi ro - 1 (-,r)-tL*- 1 (. > r)||i-V«|| 11 , m (. jr )||,< aTniJk 

(3.34) 

for any t € Jt 1/2 i where sup fe>TO a m ^~ >0 as to— !>oo and a m> f. is decreasing se- 
quence in to for any fixed k > m (this properties we can obtain arguing in 
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the same way as in Theorem 12. 7[) . Using this with p.32j) and (|3.33p . for any 

t e J tl/2 we get 



K m > k (t) < C [ (K m - 1 ' k ~ 1 (Jt 1 ) + K m > k {ti))dti + a,, 
Jo 

By the Gronwall inequality, for any t € [0,£i/2] we have 

K m+P > k+P (t) < C / t K m+ P- 1 - fe +P- 1 ( CTl )e ctl d < 7 1 +Ca m+p . k+p 
Jo 

<C 2 f f 1 K m+p - 2 ' k+ P- 2 {a 2 )e Cai e Ca2 da 2 da 1 
Jo Jo 



'o Jo 

+ Ce 1/2 a m j rp -\.k+p-i + Ca m+p ^+ v 

ft fO\ p<J2 



<C 3 [ f 1 f 2 K m+p -^ k+p - 3 (a 2 )e Cai e c ' 72 e Ca3 da 3 da 2 da 1 
Jo Jo Jo 

e 2Ct 1/2 ^ 

+ C — - — a m +p-2M+p-2 + Ce 1/2 a„ 1+ p_i ! fe +p _i + Ca m+Pt k+ P 

<C P f f ■ ■ f * * K m ^{a p )e Cai+Ca2+ - +c ^da p ■ ■ ■ da 2 d^ 
Jo Jo Jo 

^ (e ct 1/2)i 

3=0 J ' 



Thus, we derive 

Km +p,k+p < Rm ,k + q k _ 

pi te[o,T] 

Hence, w m is a convergent sequence in C([0, £1/2], iJ s_1 (-D)). In the same way 
we can get the convergence of w m in C({t i _ 1 / 2 ,t i+1 / 2 ],H s ~ 1 (D)). Finally, 
the fact w m € C(R+, H S ^ 1 (D)) implies that w m converges to some w* in 
C(R+, H S ~ 1 (D)). The convergence of w m implies the convergence of u rn to 
some u* in X s (D). We have 

curlit* = w* , (3.35) 
divu*=0, (3.36) 
u*(x,t) ■ n(x) = (uo(x)[i(t) + u(x,t)n(x) on T x R + . (3.37) 

Let us show that 

00 

10* (•,*)= Yl w *\-^ forie[Vi/2,%i/ 2 ], (3.38) 

l=i+l 

where w* 1 is the solution of 

d t w* 1 + (u*,V)w* 1 = -(div £*)«;*' in L> x R+, (3.39) 
w * l (0) = K 'curl(7ru ). (3.40) 
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To this end, recall that 

oo 

«>m (•,*)= ^2 w l m (-,t), when t € [^-1/2,^+1/2], 

where u;^ is the solution of 

w l m + (u m -i, V)wJ n = -(divM m _i)wJ n in D x R + , 
w l m (0) = K l curl(7ru™ +1 ). 

We have that w l m — >w in C(R+, _ff s_1 (Z))) uniformly with respect to I as m—too 
(this can be proved in the same way as in the proof of the convergence of w m )- 
Thus we have (|3^38j) . Clearly (pOSjl - lpTiO]) imply that u* is a solution of the 
Euler system (f3TT ]l - (f3T3|) . 

As in (pT2"g|) , using ([335j) - ([3~I(I|) for any i e [^-1/2,^+1/2] and ([577]) . we can 
show that 

00 00 

X^lk*'(*)ll s _ 1 ,£,<c'E ex P( c ' i2 )ll K ' curl (™o)ll s - 1 ,fi 

00 

< C^exptCi^expt-Ci 24 -' 3 ). 

Thus 

lim \\u*(t) -u(t)\L D = 0. (3.41) 

t— voo 

Combining this with (|3.2ip , we see that the first two terms on the left-hand side 
of (|3.8[) go to zero as t— >oo. Recall that 

Ap* = -div((u*,V)tt*) 

|=-((^VK)-n. 

Thus, Proposition 12.41 implies lim^oo ||Vp*(t)|| s _i = 0. This completes the 
proof of Theorem 13.11 

□ 

4 Construction of the particular solution 

4.1 Proof of Proposition 13.31 

We have the following simplified version of Proposition 13.31 
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Lemma 4.1. For any xq G D there exist a function 9 G C°°([0, 1], H S+1 (D)) 
and a constant A > such that 

A8 = in Dx[0,l], (4.1) 

— =0 on (r\r„) x [0,1], (4.2) 
an 

supp0 C D x (0,1), (4.3) 

^V0+(c,O) (a . O; j j ^ ^ /or ^ | c | < A _ (4 4) 

This lemma is proved at the end of this subsection. 



Proof of Proposition \3.3\ It follows from Lemma 14.11 that there are functions 
& l G C^flOjl^iP+^Z?)) and open balls B l = B(x l7 n) C M 2 , i = 1, . . . , N 
covering the rectangle [0, 1] x [— 1, 1] such that properties (|3.11j) - (|3.13j) and (|3.16|) 
are verified for r, = 1. For i = 1 , . . . , N let us take 

n : = i sup \\W(-,t)\\ s3 , (4.5) 

{£[0,1] 

Ffat) := (4.6) 

Ti 

Then -B^r, and 6 l verify (|3.9p ~ (|3.16p for i = 1,...,N. Moreover, there are 
closed balls B\ , B^ C D\ D such that 

We denote B 2kN+J := B(xj,rj) + (k,0) and Bt 2 ^ 1 )^' : = B(xj,rj)-(k+l,0), 
j = 1, . . . , N. Then properties (HI) and fBTTU)) are satisfied. Let h £ C°°([0, 1]) 
be such that 

h(t)=0 for any t G [0, 1/4], 
h(t) = l for any t G [3/4,1], 
\h(t)\ < 1 for any f G [0,1]. 

For any a; = (xi, ^2) G D and c G R define 



pkN+j, t)= i - c) Xl h'(t) for i G [0, 1], 
l^OM-l) forte [1,2]. 



(4.7) 



It follows from the constructions of j = 1,...,JV that ()3.11[) - f)3.13|) are 
verified for t, = 2. It is easy to see that for any £ G [0,1] we have 
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Thus <£ve 2 ^+(c,o)( B 2fciv+,- )2) = 0V^+(c,o) (BJjl) ^ ^ which implies 

and pTfjl . Notice that V0 l G A" S (L»). In order to have also (|3T4f and (|3TT5|l . 
we define r, by (|4.5|l and 

2^(1, 24) 

e»(a;,t):= — — (4.9) 

This completes the proof. □ 
Proof of Lemma \4.1\ The proof is based on the ideas of O Lemma A.l]. 

Step 1. We denote by A the vector space of functions £ G H S+1 (D) with 
the following properties 

A£ = in D, 

^ = oonr\r , 

supp^C D. (4.10) 

First, let us show that for any xo G -D we have 

M 2 = {V^(xo) : £ G A}. (4.11) 

Suppose that (|4. 1 1|) does not hold. Then, there is a vector V G K 2 , l^^O such 
that 

V ■ V£(x ) = 

for all £ G A. Let -D be the domain defined in (I2.1[) and let D <z D\. Take any 
a € D\T), and let G a be the solution of (|2~T0j) . ([2111) . Let B t ,B 2 C D\D be 
two open neighborhoods of a such that B\ C £2 and let p G C°°(D) be such 
that 



1, ifx^Bz, 
0, x€Bx. 



Clearly n(pG a ) G .4, thus V ■ \7ir(pG a )(x ) = 0. Since x £ B 2 , we have 

y-VG a (a:o) = (4.12) 

for all a G D \ D. On the other hand G a is analytic in a G -D \ {xo} (see 
Proposition H31 (iii)). Thus, we have P~T2"]) for all a G D \ {x }. Using ([2TT2")) , 
one can find a sequence a ra — >-xo such that U • VG an (xo)— ^00 as n— >oo, which is 
a contradiction to V 0. 

Step 2. Take any x G £> U F , x 1 G £> \ U and let F : [0, 1] ->• L> be a 
continuous function such that 

F(t)=x for any t G [0,1/4], 
F(<) = a; 1 for any t G [3/4, 1], 
F(t)(£r\T for any ie [0,1]. 



2G 



Then for any e > we can find & € .4, /i l € C°°([0, 1]), z = l,...,fc with 
supp/ii C [1/4,3/4] such that for 0(x,t) := 2i=i £,i( x )hi(t) we have 

|F(t)-0 ve (:r o ,t)| <e (4.13) 

for any t € [0,1]. It is easy to see that there is a constant A > such that for 
any |c| < A 



(x ,t) - ^ e+ ^°\x 0l t)\ < s. (4.14) 



Since & € A and suppft-i C [1/4,3/4], we have (|4.1I) - (|4.3|) . The construction 
of F, inequalities (|4~T5)) and (ETT4]) imply (t) ve+(c - \x , 1) £ D for sufficiently 
small e > 0. 

Step 3. It remains to study the case Xq € T\Tq. Let yo G To and fceRbe 
such that xq — yo + (fc,0). Then, the function 



0(x,t) 



(-c-k)xih'{t) forte [0,1/2], 
26 yo (x,2(t-l/2)) forte [1/2,1] 



satisfies glO-gl]), wher e h e C°°([0, 1/2]) is any function with h(0) = 0, 
h(l/2) = 1 and 9 ya is the function constructed in Step 2 for y a e r . □ 

4.2 Proof of Proposition 13.41 

For any m e K+, let us denote 

L> m := (-oo, -to] x [-2, 2] and I) 1 ? := [to, +oo) x [-2, 2]. (4.15) 
We shall need the following lemma. 



Lemma 4.2. The functions Q l constructed in the proof of Proposition \3.3\ are 
such that there exist ip l e C(K+) with 



sup\(j) Vet+ic ' Q \x,t)-x\ < 



x£D 



2N 



M for any t e [0,7*], (4.16) 



\Wd\x, t) - W(y, t)\ < ^ 2 |x - y\ for any x,y e D™ or x,y e D m , 
(m + l) z 

(4.17) 

where JJ" 1 <y5 z (t)dt < M, [j^] is the integer part of and M e R does not 
depend on i. 



Proof. It is easy to see that (|4.7I) and (14.91) imply 

^ v0i +^°\x,t) = 



(-k - c,0)h(%) + (c,0)% + x forte [0,n/2], 
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where k — [jjy] and j = i — 2Nk. This yields (14. 16)) for a sufficiently large M. 
To prove (|4. 1 T[) , notice that in the proof of Lemma 14.11 the functions 8 can be 
chosen such that 

\\x\d^e\\ sb < c(x ), 



where \(3\ = 2. Indeed, since Proposition 12.51 implies that the second order 
derivatives of G a belong to S(D), one can replace (|4. by 

M 2 = {Ve(a;o) : £ G A and \\xld^\\ s ,b < O(x ), |/3| = 2}. 
Hence, we can find a constant Mi such that 



sup 

i=l,...,N,\p\=2 JO 



\x\d^d%-)\\ 



L°°(D 



dt < Mi. 



Combining this with (|4T7|) and (jOjl . we get (|iTf)l . 



□ 



Now we return to the proof of Proposition 13.41 It suffices to show that for 
any e > there is v > such that the inequality 

sup \4> u {x,t) - <fF{x,t)\ < e (4.18) 

x£Bi 

holds for any i > 1 and t € [0,ii_i/ 2 ]. Let us denote 

X(t) = cf> u (x,t), 

Y(t) = r( x ,t), 

where x € -B' . We shall prove (|4.18p in the case when i is even. The proof when 
i is odd is similar. Let k := [^1 , then 

B i c [fc-2,fc + 3] X [-2,2]. (4.19) 
Step 1. First let us show that to establish (|4.18j) it suffices to prove that 



\X{t)-Y{t)\ < 1 for all t e 



(4.20) 



It is easy to see that 



d t (X(t) - Y{t)) = u(X(t),t) - u(Y(t), t) 

= (u(X(t),t) - u(X(t),t)) + (u(X(t), t) - u(Y(t),t)) =: h{t) + I 2 {t). (4.21) 



We have that 

POO 

/ \h(t)\dt<p. 

JO 

From (f3TT9T) . (|330]) . (j4T6| and (j4~T9]) it follows that 



(4.22) 



Y(t) G [fc - 2 ■ 



2iV 



M, jfe + 3 



2iV 



M] x [-2, 2] 
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for any t £ [0,£j_i/ 2 ]. Hence, (|4.20|) implies 



X(t) € [fc-3 



M, fc + 4 - 



_27V_ 

We derive from ([3~T§)) . (EHOl) and (j4Tf|) that 



27V 



+ M] x [-2,2]. 



\I 2 (t)\dt< / *(*)|X(t) - Y(t)\dt, (4.23) 



where 



(£[( H ,t rl/2 ], 



for j < 2N(k — 3 — M) (here we use (gll) for to = fc - 3 - [^L] - M) and 

*m = J f e fe-i»*3-i/2], 

1 ' \ ^(tj-t), t e 

for j > 2iV(/c — 3 — M) (in this case we use (|4.17l) for to = 0). Thus we have 
/ #(i)dt = / *(i)di + / #(i)di 

«0 -'0 J t 2 N(k-3-M)-l 

2iV(fc-3-M)-l 



x — 2M 

* g (t - 2 - [A] -M)^ '^ + 4 ' + " 2M - 

(4.24) 

Integrating (|4.2ip . using (j4.22|) - (j4.24|) and the Gronwall inequality, we obtain 
|*(*i-i/a) - y(*i-i/a)l 

/2JV(fe-3-M)-l 

< „ exp ^ g (fc _ 2 _^_ M)2 + + 4) + 1)2M 

(°° ouiu2 \ 
I] + ( 2iv ( M + 4 ) + !) 2M I • ( 4 - 25 ) 

Choosing ^ such that the right-hand side of (|4.25p is smaller than e, we prove 
(|4~18f for all i. 

Step 2. To complete the proof, it remains to show (|4.20p . To this end, let 
us assume that (|4.20|) does not hold for some t > 0. Denote by to the first time 
such that \X(t ) - Y(t )\ = 1. Hence, we have (|4T2Hj) for all t < t . Step 1 
implies 

(°° RMN 2 \ 
J2 + ( 2A? ( M + 4 ) + !) 2M j ■ (4- 2 6) 
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Since the right-hand side of (I4.26[) docs not depend on to, choosing v sufficiently 
small, we get (|4.20|) . 

5 Appendix: proof of Lemma 12.31 

Let us consider the space 

Hq{D') = {ze L 2 {D') : curlz G L 2 {D'), divz G L 2 {D'), z ■ n\r> = 0} 

endowed with the norm 

II z IIho — ll z ll + II curl z 1 1 + |j divz||. 

Here D' is a strip or is the domain D defined in (|2.1|) . Recall the following result 
(see [TUl Chapter 7, Theorem 6.1]). 

Theorem 5.1. The following equality holds 

{zeH^D') : z-n\ r > =0} = H Q . 

In the case of bounded domains it is shown in [181 Appendix 1, Proposition 
1.4] that 

H s (n) = {z€ L 2 (n) : cuv\zeH s - x (n), divzeH*- 1 (n), z-ne H s - x/2 (dfl)}. 

(5.1) 

Let us generalize this result to the case of domain D'. We shall need the following 
lemma. 

Lemma 5.2. Let g G H 1 / 2 ^') . Then the problem 

Au - u = in D', (5.2) 

du , 
— = 5 on (5.3) 

has a unique solution u £ H 2 (D'), which satisfies 

H| 2 <<%||i/a. (5.4) 
Proof. Problem (|5.2p . (I5.3P is equivalent to 



/ S7u\76dx+ [ u9dx= [ gOda for any G H 1 (£)')• 

Since 5 G iJ _1 / 2 (P'), the Riesz representation theorem implies the existence of 
a unique solution u £ H 1 (D'). 

Case 1. Assume D 1 = D, and let us prove that u G H 2 {D). It is easy to 
see that v := dm is the solution of the problem 

Aw — v = in I?, 

— = dig on T. 

art 
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Thus dm e H 1 {D) and 

\\diu\\i < C||g||i/ 2 . 

Combining this with the fact that Au £ H 1 (D), we obtain u € H 2 (D) and (|5.4p . 
Case 2. Now consider the case D' = D. Let 

Qi := {x e D : \xi\ < N} and fl 2 := {x e D : \xi\ < N + 1}, 

where N is so large that D \ D C f2i. Let us take some function % S C°°(D) 
such that such that 

r o, if.^n 2 , 

X[ > 1 1, ifxGfii. 



Then w := x u is the solution of 



Aw - w = 2VxVu + Ax« =: / in ft 2 , (5.5) 
dn 



dft 2 . (5.6) 



It is easy to see that / e L 2 (fl 2 ) and g € _ff 1 / 2 (9ri 2 ). This implies that 
iu e H 2 (il 2 ) (e.g., see [Tj). Thus w e iJ 2 (^i). On the other hand, from the 
fact L C fii we derive f^|r G i? 1 / 2 (r). Hence, using the result for D' = D, we 
see that u € H 2 (D). This completes the proof of Lemma I5~2l □ 

Now let us prove (|5.1j) for Q, = D 1 . Clearly the space in the left-hand side is 
contained in the right-hand side of (|5.1|) . By induction, let us show the other 
inclusion. Assume s = 1. Let us take some function z from the right-hand side 
of (|5.1[) and consider the problem: 

Ap — p = in D, 

dp r 
— = z ■ n on 1 . 

on 

By Lemma l5.2[ we have p £ H 2 (D') and ||p|j 2 < C\\z ■ n||i/ 2 . Let us take 
w = z — Vp. Clearly w £ H , thus Theorem 15.11 implies w € H 1 (D'). Hence, 
z e H X {D') and 

Mil < Nil + IIA < C(\\z\\ + || curlz|| + || divz|| + \\z ■ n|| 1/2 ). (5.7) 

Now assume that (|5.1I) holds for s — 1 and let us prove it for s. Let h be a regular 
extension of n in D' such that |n(a;)| = 1. Let us show that such an extension 
exists. To simplify the proof, let us assume that d = in the definition of D 
(see ([HD). We define 

n 1 (x 1 ,x 2 ) = = + /i(a;i,a; 2 ), 

v/l + 7'^i) 2 



n 2 (a;i,x 2 ) 



x 2 



(l + T(^i))v /r +7W 
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where h £ C£°(D), h\ d£> = and h(xi,0) = 1 + Z 7 '^ =. Then we have 

(ni,n2)\ d f) = n and |(fii,n2)| > 5 for sufficiently small 6 > 0. Hence, h(x) — 
t^-^tt is an extension of n. Let us take v := V x (z-n). Then u € L 2 , div u = 0. 

Since v-h is the tangential derivative of z-n along V , we have u-n e i? s ~ 3/,2 (r'). 
On the other hand 

— cmlv = A(z ■ n) — (Azi)ni + (Az 2 )h 2 + v, 

where v € H s ~ 2 . It follows from the facts A^i = 9i div z + d 2 curl z and Az 2 = 
9 2 divz — <9icurlz that curlw e H s ~ 2 . Thus the induction hypothesis yields 
V ± (z- ft) e ff"- 1 . Hence, 

(d 2 z 1 )h 1 + (d 2 z 2 )fi 2 e H s -\ 
(9iZi)fti + (9i^)n 2 e ff 8 " 1 . 

Combining this with div z e and curl z e _ff s_1 , we obtain ft- V^Zi € 

and ft • Vz^ e for i = 1,2. Thus Vz^ G _ff s_1 , which completes the proof. 
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